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Multivalent counterions can induce an effective attraction between like-charged rodlike polyelectrolytes,
leading to the formation of polelectrolyte bundles. In this paper, we calculate the equilibrium bundle size using
a simple model in which the attraction between polyelectrolygssumed to be pairwise additjvis treated
phenomenologically. If the counterions are pointlike, they almost completely neutralize the charge of the
bundle, and the equilibrium bundle size diverges. When the counterions are large, however, steric and short-
range electrostatic interactions prevent charge neutralization of the bundle, thus forcing the equilibrium bundle
size to be finite. We also show that if the attractive interactions between the rods become frustrated as the
bundle grows, finite-size bundles can be obtained with pointlike counterions.
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The mean-field Poisson-BoltzmariRB) theory predicts has been considered j22]). We treat both the aqueous so-
that two identical macromolecules in any salt solution will lution and the rods as a uniform dielectric with dielectric
repel each othefl]. However, the presence of multivalent constante; that is, we ignore all image-charge effects. Posi-
counterions can actually induce aftraction between like-  tive monovalent andj-valent counterions, as well as nega-
charged polyelectrolyte®ES. This has been experimentally tive monovalent co-ions, are present; the entire system is
observed for several different PEs, including double-strandegharge neutral and in chemical equilibrium with a salt bath.
DNA [2,3], filamentous actin(F-actin [4,5], microtubules  The correlation-induced attraction between the PEs leads to
[4,6], the filamentous bacteriophages fd and M4¥], and  the formation of PE bundles of some size at equilibrium. For
the tobacco mosaic virusdgl]. Computer simulations of simplicity, we assume that only multivalent ions can enter
both homogeneously charged rd@és-11] and realistic DNA  inside the bundlgthe effects of competitive binding with
moleculeq 11-13 unambiguously show that attractive inter- monovalent ions will be discussed in a future paf2s)).
actions can arise solely from counterion correlations not inAlso, we assume that the solution of rods is dilute, i.e., the
cluded in the PB theory. Several theories that take these cogolume fractiong= NTraSL/V< 1. As a result, we can em-
relations into account—including perturbative expansions obloy the cell model, where each bundle and its surrounding
the PB theony14,15, structural-correlation theof16-18,  jons are enclosed in a Wigner-Se{t/S) cell, and interac-
and strong-coupling theorjl9}—obtain an attractive inter- tions between cells are ignored. We work in the long-rod
action between two rods. It is still a matter of discussion,|imit (L — o), so that the translational entropy of the bundles
however, as to which of these theories is the most appropris negligible. Finally, we assume that the equilibrium distri-
ate description of the correlation-induced attraction seen ipution of bundle sizes is sharply peaked, so that all bundles

experiments and simulations. Furthermore, it is unknowngre approximately the same size. Given these assumptions,
whether the interactions between multiple rods is pairwisghe free energy can be written as

additive or not{17,20,21.
Under experimental conditions in which the interaction N
between PEs is attractive, the PEs typically form dense, or- BF = M[ﬂ':ent+ BFest BFatr] + NBFcor, (1)
dered bundles of a well-defined sig2-7], rather than pre-
cipitating into a PE-rich phase. In this paper, we theoreticalljywhere M is the number of rods in each bundle amd
investigate the thermodynamic stability of these bundies =1/kgT, kg being Boltzmann’s constant affdthe tempera-
bundle growth is not limited thermodynamically, then it mustture. 8F.cincludes the entropic and chemical potential terms
be limited by kinetic barrier§21-23). We assume that the for the ions in one WS cellgFgsis the mean-field electro-
attractive interactions are pairwise additive, but do notstatic energy of a WS cel3F,;, is the total attractive energy
specify the precise nature of the counterion correlationsfor a single bundle; an@F.,,, is the correlation energy for
Rather, we simply introduce a phenomenological parametdons condensed on one rod.
v to characterize the attractive energy between two PEs in a The ions contained within each WS cell can either be
bundle. located inside or outside of the bundle. We assume that the
Consider, then, an aqueous solution of voluvhaith N former are uniformly distributed in the volume available in-
identical rodlike PEs of length, radiusay, and a uniform side the bundlegthe inhomogeneity of this distribution is
linear charge density e\, (the aggregation of flexible PEs negligible for large bundlgs In order to describe the ion
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distribution outside the bundle, we use a modified Debyesurface have fewer neighbors than the bulk rods. Thus, each
Huckel approximatiofDHA) similar to Manning’s counter- bundle in our model is equivalent to a homogeneously
ion condensation theof24]. It is well known that the DHA  charged cylinder with an effective surface tension in the
is valid sufficiently far from a charged surface, where thepresence of counterions. This is very similar to the Rayleigh
electrolytic solution is dilute. However, for highly charged instability [27] of a charged water droplet in the presence of
surfaces, the bare charge must be replaced by a renormalizedunteriong 28], and to the aggregation of polyelectrolytes
charge due to counterion condensatj@s]. To account for in poor solven{28,29.

this, we allow ions to condense into a Stern lag@frwidth The number of ions inside each bundle and its surround-
w<R) surrounding the bundle. We assume that the ions ining Stern layer, as well as the ion distributions outside these
side the layer are uniformly distributed. The ion distribution regions, minimize the total free energdF (subject to the
functionsny(X) (wheres==*1, q is the ionic specigsoutside  constraint of overall charge neutrality=or the ion distribu-

the layer are determined using the DHA. The widtlof the  tions ng(X), this minimization yields the expected Debye-
Stern layer is set arbitrarily, and counterion correlations ofHuckel (DH) distributions,ng(X) =n{1—sy(X)], where the di-

the ions in the Stern layer are ignored; although these factonsiensionless electrostatic potential

will quantitatively affect the amount of condensation, they

do not alter the scaling behaviour of the free energy with the IB_;‘(rz_ R?) - ZIBLKO(KR)' <R
bundle size. Assuming the ions are pointlike, and discarding () = a kRK;(kR) @)
terms that contribute constants to the free en¢af), B 2l g\ oo kT) R
-, r>R.
kRK;(kR)

2
BFent= 2 (%Sf d3X|:—nS()z) - 1:| + Ngagl
r>R

s s Here, -e\i=—e\M +e\ is the total linear charge density of

o the bundle and its Stern layet?=4lgSs°n,, andK,(x) is
+ )@‘L{In()\—s) - 1]) £\ ML{m(ﬁa_) - 1] the modified Bessel function of the second kind of order
Negt a Ny Clearly, bothy and BF ., should depend on,. However,
) since the precise nature of the counterion correlations is not
specified in our model, we ignore this dependence; that is,
wherens is the bulk concentration of ion specigs\(L isthe ~ we calculatery at the mean-field level. Discarding all con-
number of multivalent ions condensed on each rod in thestant terms, the free energy E@) can be written as3F
bundle, q,ML=7ML(a%-a3) is the volume available to the =N[a?F;/R*+F,L] where F; is given by the final three
ions inside the bundi€a b?ling the center-to-center spacing terms of Eq.(2) and
of the rods in the bund)eA{L is the number o-valent ions 202 2,2
in the Stern layer, andyl ~27RwL is the volume of the Fp= 3.6va | leh 2R L MotKo(<R)
Stern layer. R 4a KRPK 1 (kR)

In order to calculate the mean-field electrostatic energy ofjinimization of 8F with respect to\, and\®' gives
the system, we model each bundle as a homogeneously d s

charged cylinder of radiuR=~a/M (so thatVey,~ Vg, In( Ag ) _1gOAR? _ 2lg0NioKo(xR) _ ©)
and the Stern layer as a uniform surface chdrge, we set NgQp 2a° kRK;(kR) ’
w=0). That is, -en,(X)=—0(R-r)ex/ma? and eny(X)= AR
—-r)e\g/27R are the charge distributions of a bundle and its A 2lgSAioiKo(kR) _
Stern layer, respectively, whereex=-e(A\o—0\,) is the In T RK(R) 0, s=#lg. (D
renormalized linear charge density of one rod in the bundle
andehg=e(\$+arE-)%) is the linear charge density of the If we solve Egs(6) and(7), we can see that,, approaches
Stern layer. The electrostatic free energy is given by a constant at largR (see inset of Flg._ﬂ Indeed, in the limit
R— oo, the second term in E@6)—which is due to the elec-
BFeas Isff d3xdx’ trostatic self-energy of the bundle—dominates, causing
ES™
2

"% Niot(X)Nior(X'), B (2a2/15gRIN(o/qngay) and Aig— MM/ (1+xw). Thus,

(5

N

as the bundle grows, additional counterions condense inside

wherelg=€?/ekgT is the Bjerrum lengtilg=7.1 A in wa-  the bundle, so that the total charge of the bundle remains
ter) and eny(X) =e=sn(X) O(r —R) +eny(X) —en,(X) is the to-  constant.
tal charge distribution for a WS cell. The equilibrium bundle radiug is given by the value of

The correlation of ions condensed on two neighboringR that minimizes the free energy. Figure 1 shows the free
rods in the bundle leads to the formation of a “bond” of energy as a function dR for various values of,. We can
energy Epon=—7YksTL between the rods, so thgBF.,  see that as soon as the attractive energy is strong enough to
= BEpondB, WhereB is the number of bonds in a bundle. It has induce bundle formationR.q— . This is due to the large
been observed experimentally that the rods in the bundle a@mount of counterion condensation inside each bundle,
hexagonally packefl2,3,5,; in this case, it can be shown which causes the entropic and electrostatic resistance to
that BF 4w = —yL(3M =3.6yM) for all M = 2. The first term is  bundle growth to be weak: in the limR—c, 1/M(BFgg
the bulk attractive energy; the second term is an effectiver BF) ~—1/R?. This resistance is overwhelmed by the at-
surface tension due to the fact that the rods on the bundlgactive energysF /M ~ 1/R, thus causing the equilibrium

060801-2



RAPID COMMUNICATIONS

EQUILIBRIUM BUNDLE SIZE OF RODLIKE... PHYSICAL REVIEW E 71, 060801R) (2005
N N <" 02)
S oo Ek e
's 1.5 . s 's % 04 ,/
& . e £ 54 0. e
3 e U 20 40 60 80 ~
§ 0.5 e e S llice e § -5.6r /-
= 0 < 58 "I
-0.5 1
2 3 6 g Ra Rla
FIG. 1. Free energy differenc&F(R)=F(R)-F(1008) for ay FIG. 2. Free energy differende~(R) = F(R)-F(1008) for finite

=1 nm, a=1.4 nm,w=1 nm, \;'=0.17 nm,n;=10 nM, q=3, y  size ions inside the bundle, with=1.7 nni* and \"=0.01\, (the
=1.4 nm?, andng=0.1 uM (solid line), 10 uM (dashed ling and remaining parameter values are the same as in Figndet:AF(R)

1 mM (dotted ling. Inset: \(R) for the above parameter values for frustrated attractive interactions, wi#=0.1, ¢y.=2, andy

with ng=10 uM. The dashed line indicates the asymptotic value of=1.7 nm? (the remaining parameter values are the same as in Fig.
Mot (S€€ text 1.

bundle size to diverge. This result is consistent with earlier We can use this model to predict the equilibrium behavior
work on penetrable water dropl€t38] and PEs in poor sol- of the system for different multivalent salt concentrations
vents[28,29. It is important to note that finite-size aggre- (see Fig. 2 At small n,, the total attraction is not large
gates can be obtained in these systems when the charge efough to overcome the electrostatic repulsion between rods,
the aggregates is small enough to avoid significant counteand no minimum indF(R) is obtained. As\, increases, how-

ion condensation. This region is not accessible in our systengver, more ions enter inside the bundle and reduce the elec-
however, because like-charge attraction only occurs whetrostatic repulsion for small bundles, thus creating a local
there is significant counterion condensation. minimum in BF(R) that is primarily determined by the bal-

As stated above, these results do not take into account thgnce of the first two terms in E@5), Req=a(7.2y/Ig\"2)>,
dependence of and BF,, on A It is important to note, Notice that the bundling transitions is discontinuous, and that
however, that the asymptotic resuls|~1/R? and SF  the bundle size is invariant upon further increases jnas
~1/R-1/R? hold for any such dependendeven those that has been recently observed for microtubule bunfBes.
cause overchargingWhen the bundle is large, the long-  The above model implicitly assumes that the rod-rod
range mean-field self-energy of the bundle dominates ovespacing(i.e., a;,) is independent oR. If this spacing in-
the short-range correlation energy, causing the renormalizegteases as the bundle grows, more counterions can enter the
charge density of the bundle to be small and the resistance undle, thus decreasing the electrostatic resistance to bundle
bundle growth to be weak. growth. However, the correlation energy will also decrease

In the model discussed above, the density of ions insides the spacing increases. Therefore, in order for our assump-
the bundle can, in principle, be arbitrarily high. In reality, tion to be valid, the rod-rod attractive interaction must have a
however, steric interactions prevent the ion density inside thgharp minimum that prevents the spacing from increasing as
bundle from exceeding the close packing density. Furtherthe bundle grows.
more, when the density of ions in the bundle is high, the Up to this point, we have assumed that the attraction be-
mean-field electrostatic repulsion between the ions confineglveen neighboring rods is independent of the bundle size.
to the small volume available inside the bundle is severelyrhere are several mechanisms, however, that can frustrate
underestimated by our modekhich smears out the charge the bonds between rods as the bundle grows. For short-
of these ions throughout the entire bundl&his additional  ranged, pairwise additive interactions, only a fraction of ions
short-range electrostatic repulsion effectively increases thg a narrow “contact stripe” between the two rods become
size of the ions in the bundl@.e., it prevents the ion-ion correlated with one anothgt7]. When rod-rod dimers form,
separation from becoming too smallf we treat the ions the size of the contact stripe is maximized. However, each
inside the bundle as finite-size particles with an effectiverod has one contact stripe per bond, and these stripes cannot
volume ves, then BFen— BFentt MLI(A-AgIN(1-Nq/A)  overlap if the interactions are pairwise additive. Therefore, if
+N\gl, whereA = ap/ver is the maximum number of ions per the contact stripe for dimers is wide enough, the stripes will
unit length that can condense on a single rod. This adds have to shrink for a rod with many neighbors, causing the
term -In(1-\4/A) to the right-hand side of E(6), which  bond energy to decrease. Alternatively, a nonuniform PE
diverges as\g— A, thus forcinghq<<A for any bundle size charge distribution results in a relative orientation that mini-
R. If \"=\g—qA >0, then the asymptotic resilt~1/R>no  mizes the electrostatic repulsion between two neighboring
longer holds; rathei, — \" for largeR. As a result, the self- rods. Achieving the optimum orientation between a rod and
energy of the bundle—in particular, the second term in Eqevery one of its neighbors may cost energy or be physically
(5)—diverges at larger, leading to the formation of finite- impossible; in either case, the bond energy effectively de-
size bundles at equilibrium, as shown in Fig. 2. Note that forcreases as the bundle grows. Indeed, it has been experimen-
DNA, where 1Ay=1.7 A, a;,=10 A, anda=~14 A in the tally observed that F-actin filaments undergo twist distortions
presence of trivalent cobalt hexammif@3], A" >0 when when forming bundles to reduce the electrostatic repulsion
the effective radius of the iong=7 A. between neighboring rods[5]. If we write BFay
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=—yLM¢p(B/M), whereB/M=b is the average number of late the equilibrium bundle size of highly charged, rodlike
bonds per rod(b<3 for hexagonally ordered bundles polyelectrolytes in the presence of multivalent counterions.
theng(b)=b for unfrustrated interactions. To encapsulate theFor pointlike counterions and unfrustrated attractive interac-
effects of bond frustration, we chosg(b) to be a hyper- tions, the equilibrium bundle size diverges. Finite bundles
bola that approaches the asymptofe=b for small b can be obtained at equilibrium if the short-range interactions
and _¢=dmax for large b, ¢(0)=5(b+dbma)=3/dmax  between the ions inside the bundle prevent the ions from
—b|\1+&/ (b= ¢nad?. In other words, the total attractive en- neutralizing the charge of the bundles, or if the interactions

ergy gained for each rod in the bundle saturatedbas-  between rods in the bundle become frustrated as the bundle
creases; by adjustingya,and ¢, we can control the saturat- grows.

ing value and rate of saturation, respectively. As shown in the

inset of Fig. 2, a local minimum iBF(R) can be obtained The authors would like to thank A. Y. Grosberg, C. R.
for certain values ofpq and & Unlike the minimum ob-  Safinya, D. J. Needleman, and C. D. Santangelo for useful
tained with finite-size ions, this effect cannot lead to arbi-discussions. We acknowledge the support of the MRL
trarily large bundles; rather, the onset of frustration mustProgram of the National Science Foundation under Award
occur at a sufficiently small bundle size, or the resistance ttlo. DMR00-80034 and NSF Grant No. DMR02-037555.
bundle growth will be too weak to prevent infinite bundles. M.L.H. also acknowledges the support of the National Sci-
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